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Abstract
In the present paper a generalized Ka¨hlerian space GK
1
N of the first kind is considered, as
a generalized Riemannian space GRN with almost complex structure F
h
i , that is covariantly
constant with respect to the first kind of covariant derivative.
Using the non-symmetric metric tensor we find necessary and sufficient conditions for a
geodesic mapping f : GRN → GK
1
N with respect to the four kinds of covariant derivatives.
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1 Introduction
An N -dimensional Riemannian space with metric tensor gij is a Ka¨hlerian space KN if there exists
an almost complex structure F ij , such that
F hp F
p
i = −δ
h
i ,
gpqF
p
i F
q
j = gij , g
ij = gpqF ipF
j
q ,
F hi;j = 0,
(1.1)
where (; ) denotes the covariant derivative with respect to the metric tensor gij .
A generalized Riemannian space GRN in the sense of Eisenhart’s definition [4] is a differentiable
N -dimensional manifold, equipped with a non-symmetric basic tensor gij (i.e. gij 6= gji). Based on
non-symmetry, the symmetric part and antisymmetric part of gij can be defined
gij =
1
2
(gij + gji) =
1
2
g(ij), gij
∨
=
1
2
(gij − gji) =
1
2
g[ij]. (1.2)
The lowering and the raising of indices is defined by the tensors gij and g
ij respectively, where gij
is defined by the equation
gij g
jk = δki (1.3)
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and δki is the Kronecker symbol. From (1.3) we have that the matrix (g
ij ) is inverse to (gij ),
wherefrom it is necessary to be g = det(gij ) 6= 0. Connection coefficients of this space are generalized
Cristoffel symbols of the second kind, where
Γi.jk =
1
2
(gji,k − gjk,i + gik,j), gij,k =
∂gij
∂xk
. (1.4)
Γijk = g
ip Γp.jk. (1.5)
Generally Γijk 6= Γ
i
kj. Therefore, one can define the symmetric part and anti-symmetric part of Γ
i
jk,
respectively
Γijk =
1
2
(Γijk + Γ
i
kj) =
1
2
Γi(jk), Γ
i
jk
∨
=
1
2
(Γijk − Γ
i
kj) =
1
2
Γi[jk] (1.6)
The quantity Γijk
∨
is the torsion tensor of the spaces GRN .
The use of a non-symmetric metric tensor and a non-symmetric connection became especially
topical after the appearance of the papers of A. Einstein [1]-[3] related to the creation of the Unified
Field Theory (UFT). More recently the idea of a non-symmetric metric tensor appears in Moffat’s
non-symmetric gravitational theory [15]. We remark that in the UFT the symmetric part gij of the
metric tensor gij is related to gravitation, and antisymmetric one gij
∨
to the electromagnetism. In
Moffat’s theory the antysymmetric part represents a Proca field (massive Maxeell field) which is part
of the gravitational interaction, contributing to the rotation of galaxies [15].
Based on non-symmetry of the connection in a generalized Riemannian space one can define four
kinds of covariant derivatives. For example, for a tensor aij in GRN we have
aij |
1
m = a
i
j,m + Γ
i
pma
p
j − Γ
p
jma
i
p,
aij |
2
m = a
i
j,m + Γ
i
mpa
p
j − Γ
p
mja
i
p,
aij |
3
m = a
i
j,m + Γ
i
pma
p
j − Γ
p
mja
i
p,
aij |
4
m = a
i
j,m + Γ
i
mpa
p
j − Γ
p
jma
i
p.
(1.7)
By applying four kinds of covariant derivatives of a tensor, it is possible to construct several
Ricci type identities. In these identities 12 curvature tensors appear and 15 quantities which are not
tensors, named ”curvature pseudotensors” by Mincˇic´ [11, 12]. In the case of the space GRN we have
five independent curvature tensors.
1.1 Generalized Ka¨hlerian space of the first kind
Ka¨hlerian spaces and their mappings were investigated by many authors, for example K. Yano, M.
Prvanovic´, J. Mikesˇ, Domasˇev, N. Pusˇic´, T. Otsuki and Y. Tasiro, S. S. Pujar, N.S. Sinjukov and
many other authors.
Definition 1.1 A generalized N-dimensional Riemannian space with non-symmetric metric tensor
gij, is a generalized Ka¨hlerian space of the first kind GK
1
N if there exists an almost complex
structure F ij , so that
F hp F
p
i = −δ
h
i , (1.8)
gpq F
p
i F
q
j = gij , g
ij = gpqF ipF
j
q , (1.9)
F hi|
1
j = 0, (1.10)
2
F hi;j = 0, (1.11)
where |
1
denotes the covariant derivative of the first kind with respect to the connection Γijk (Γ
i
jk 6= Γ
i
kj)
and (; ) denotes the covariant derivative with respect to the symmetric part of the metric tensor Γijk.
From (1.9), using (1.8), we get Fij = −Fji, F
ij = −F ji, where we denote Fji = F
p
j g
pi , F ji =
F jp g
pi.
From this follows the theorem:
Theorem 1.1 For the almost complex structure F ij of GK
1
N the relations
F hi|
2
j = 0, F
h
i|
3
j = 2F
h
p Γ
p
ij
∨
, F hi|
4
j = 2F
p
i Γ
h
jp
∨
(1.12)
are valid, where Γhij
∨
is a torsion tensor.
2 Geodesic mapping
In this part we consider a geodesic mapping f : GRN → GK
1
N .
Definition 2.1 A diffeomorphism f : GRN → GK
1
N is geodesic, if geodesics of the space GRN are
mapped to geodesics of the space GK
1
N .
In the corresponding points M and M we can put
Γijk = Γ
i
jk + P
i
jk, (i, j, k = 1, ..., N), (2.1)
where P ijk is the deformation tensor of the connection Γ of GRN according to the mapping f :
GRN → GK
1
N .
Theorem 2.1 [13] A necessary and sufficient condition that the mapping f : GRN → GK
1
N be
geodesic is that the deformation tensor P ijk from (2.1) has the form
P ijk = δ
i
j ψk + δ
i
k ψj + ξ
i
jk, (2.2)
where
ψi =
1
N + 1
(Γαiα − Γ
α
iα), ξ
i
jk = P
i
jk
∨
=
1
2
(P ijk − P
i
kj). (2.3)
We remark that in GK
1
N are valid the following equations:
Γαiα
∨
= 0, ξαiα = 0, F
α
α = 0. (2.4)
In [9] Mikesˇ at al. have proved a necessary and sufficient condition for a geodesic mapping of a
Riemannian space onto a Ka¨hlerian space.
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Theorem 2.2 The Riemannian space RN admits a nontrivial geodesic mapping onto the Ka¨hlerian
space KN if and only if, in the common coordinate system x with respect to the mapping, the conditions
a) gij;k = 2ψkgij + ψigjk + ψjgik;
b) F
h
i;k = F
h
kψi − δ
h
kF
α
i ψα;
(2.5)
hold, where ψi 6= 0 and the tensors gij and F
h
i satisfy the following conditions:
det(gij) 6= 0, F
h
αgαj + F
α
j gαi = 0, F
h
αF
α
i = −δ
h
i . (2.6)
Then gij and F
h
i are the metric tensor and the structure of KN , respectively.
Our idea is to find corresponding equations with respect to the four kinds of covariant derivative.
Theorem 2.3 The generalized Riemannian space GRN admits a nontrivial geodesic mapping onto
the generalized Ka¨hlerian space GK
1
N if and only if, in the common coordinate system x with respect
to the mapping, the conditions
a) gij |
1
k = gij
∨
|
1
k
+ 2ψkgij + ψigjk + ψjgik + ξ
α
ikgαj + ξ
α
jkgiα;
b) F
h
i|
1
k = F
h
kψi − δ
h
kF
α
i ψα − ξ
h
αkF
α
i + ξ
α
ikF
h
α;
(2.7)
hold with respect to the first kind of covariant derivatives, where ψi 6= 0 and the tensors gij and F
h
i
satisfy the following conditions:
det(gij) 6= 0, F
α
i gαj + F
α
j gαi = 0, F
h
αF
α
i = −δ
h
i . (2.8)
Then gij and F
h
i are the metric tensor and the structure of GK
1
N , respectively.
Proof: The equation (2.7a) guarantees the existence of geodesic mapping from a generalized Rie-
mannian space GRN onto generalized Riemannian space GRN with metric tensor gij with respect to
the first kind of covariant derivatives.
The formula (2.7b) implies that the structure F
h
i in GRN is covariantly constant with respect to
the first kind of covariant derivative. The algebraic conditions (2.8) guarantee that gij and F
h
i are
the metric tensor and the structure of GK
1
N , respectively.
The deformation tensor is determined by equation (2.2), i.e.
Γ
h
ij − Γ
h
ij = ψiδ
h
j + ψjδ
h
i + ξ
h
ij. (2.9)
For the structure F , we have the following equations:
F
h
i|
1
k = F
h
i,k + Γ
h
pkF
p
i − Γ
p
ikF
h
p , F
h
i|
2
k = F
h
i,k + Γ
h
kpF
p
i − Γ
p
kiF
h
p . (2.10)
Replacing Γhij from (2.9) in (2.10), we get
F
h
i|
1
k = F
h
i,k + (Γ
h
pk − ψpδ
h
k − ψkδ
h
p − ξ
h
pk)F
p
i − (Γ
p
ik − ψiδ
p
k − ψkδ
p
i − ξ
p
ik)F
h
p
= F
h
i,k + Γ
h
pkF
p
i − ψpδ
h
kF
p
i − ψkδ
h
pF
p
i − ξ
h
pkF
p
i − Γ
p
ikF
h
p + ψiδ
p
kF
h
p + ψkδ
p
i F
h
p + ξ
p
ikF
h
p
= F
h
i|
1
k − ψpδ
h
kF
p
i − ψkδ
h
pF
p
i − ξ
h
pkF
p
i + ψiδ
p
kF
h
p + ψkδ
p
i F
h
p + ξ
p
ikF
h
p
= F
h
i|
1
k − ψpδ
h
kF
p
i − ψkF
h
i − ξ
h
pkF
p
i + ψiF
h
k + ψkF
h
i + ξ
p
ikF
h
p
=
0
︷︸︸︷
F
h
i|
1
k − ψpδ
h
kF
p
i + ψiF
h
k − ξ
h
pkF
p
i + ξ
p
ikF
h
p ,
(2.11)
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where |, and | are respectively covariant derivatives in GRN and GK
1
N .
Theorem 2.4 The generalized Riemannian space GRN admits a nontrivial geodesic mapping onto
the generalized Ka¨hlerian space GK
1
N if and only if, in the common coordinate system x with respect
to the mapping, the conditions
a) gij |
2
k = gij
∨
|
2
k
+ 2ψkgij + ψigjk + ψjgik + ξ
α
kigαj + ξ
α
kjgiα;
b) F
h
i|
2
k = F
h
kψi − δ
h
kF
α
i ψα − ξ
h
kαF
α
i + ξ
α
kiF
h
α;
(2.12)
hold with respect to the second kind of covariant derivatives, where ψi 6= 0 and the tensors gij and
F
h
i satisfy the following conditions:
det(gij) 6= 0, F
α
i gαj + F
α
j gαi = 0, F
h
αF
α
i = −δ
h
i . (2.13)
Then gij and F
h
i are the metric tensor and the structure of GK
1
N , respectively.
Proof: In GRN for the second kind of covariant derivatives, we have
F
h
i|
2
k = F
h
i,k + (Γ
h
kp − ψkδ
h
p − ψpδ
h
k − ξ
h
kp)F
p
i − (Γ
p
ki − ψkδ
p
i − ψiδ
p
k − ξ
p
ki)F
h
p
= F
h
i,k + Γ
h
kpF
p
i − ψkδ
h
pF
p
i − ψpδ
h
kF
p
i − ξ
h
kpF
p
i − Γ
p
kiF
h
p + ψkδ
p
i F
h
p + ψiδ
p
kF
h
p + ξ
p
kiF
h
p
= F
h
i|
2
k − ψkδ
h
pF
p
i − ψpδ
h
kF
p
i − ξ
h
kpF
p
i + ψkδ
p
i F
h
p + ψiδ
p
kF
h
p + ξ
p
kiF
h
p
= F
h
i|
2
k − ψkF
h
i − ψpδ
h
kF
p
i − ξ
h
kpF
p
i + ψkF
h
i + ψiF
h
k + ξ
p
kiF
h
p
= ψiF
h
k − ψpδ
h
kF
p
i − ξ
h
kpF
p
i + ξ
p
kiF
h
p .
(2.14)
In the similar way, we can prove corresponding theorems for the third and the fourth kind of
covariant derivative:
Theorem 2.5 The generalized Riemannian space GRN admits a nontrivial geodesic mapping onto
the generalized Ka¨hlerian space GK
1
N if and only if, in the common coordinate system x with respect
to the mapping, the conditions
a) gij |
3
k = gij
∨
|
3
k
+ 2ψkgij + ψigjk + ψjgik + ξ
α
ikgαj + ξ
α
kjgiα;
b) F
h
i|
3
k = F
h
i|
3
k − ψpδ
h
kF
p
i + ψiF
h
k − ξ
h
pkF
p
i + ξ
p
kiF
h
p ,
(2.15)
hold with respect to the third kind of covariant derivatives, where ψi 6= 0 and the tensors gij and F
h
i
satisfy the following conditions:
det(gij) 6= 0, F
α
i gαj + F
α
j gαi = 0, F
h
αF
α
i = −δ
h
i . (2.16)
Then gij and F
h
i are the metric tensor and the structure of GK
1
N , respectively.
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Theorem 2.6 The generalized Riemannian space GRN admits a nontrivial geodesic mapping onto
the generalized Ka¨hlerian space GK
1
N if and only if, in the common coordinate system x with respect
to the mapping, the conditions
a) gij |
4
k = gij
∨
|
4
k
+ 2ψkgij + ψigjk + ψjgik + ξ
α
kigαj + ξ
α
jkgiα;
b) F
h
i|
4
k = F
h
i|
4
k − ψpδ
h
kF
p
i + ψiF
h
k − ξ
h
kpF
p
i + ξ
p
ikF
h
p ,
(2.17)
hold with respect to the fourth kind of covariant derivatives, where ψi 6= 0 and the tensors gij and F
h
i
satisfy the following conditions:
det(gij) 6= 0, F
α
i gαj + F
α
j gαi = 0, F
h
αF
α
i = −δ
h
i . (2.18)
Then gij and F
h
i are the metric tensor and the structure of GK
1
N , respectively.
2.1 Equitorsion geodesic mapping
Equitorsion mappings play an important role in the theories of geodesic, conformal and holomorphi-
cally projective transformations between two spaces of non-symmetric affine connection.
Definition 2.2 [13] A mapping f : GRN → GK
1
N is an equitorsion geodesic mapping if the
torsion tensor of the spaces GRN and GK
1
N are equal. Then from (2.1), (2.2) and (2.9)
Γhij
∨
− Γhij
∨
= ξhij = 0, (2.19)
where ij
∨
denotes an antisymmetrization with respect to i, j.
In the case of these mappings, the previous Theorems 2.3.-2.6. become:
Theorem 2.7 The generalized Riemannian space GRN admits a nontrivial equitorsion geodesic
mapping onto the generalized Ka¨hlerian space GK
1
N if and only if, in the common coordinate system
x with respect to the mapping, the conditions
a) gij |
1
k = 2ψkgij + ψigjk + ψjgik;
b) F
h
i|
1
k = F
h
kψi − δ
h
kF
p
iψp;
(2.20)
hold with respect to the first kind of covariant derivatives, where ψi 6= 0 and the tensors gij and F
h
i
satisfy the following conditions:
det(gij) 6= 0, F
α
i gαj + F
α
j gαi = 0, F
h
αF
α
i = −δ
h
i . (2.21)
Theorem 2.8 The generalized Riemannian space GRN admits a nontrivial equitorsion geodesic
mapping onto the generalized Ka¨hlerian space GK
1
N if and only if, in the common coordinate system
x with respect to the mapping, the conditions
a) gij |
2
k = 2ψkgij + ψigjk + ψjgik;
b) F
h
i|
2
k = F
h
kψi − δ
h
kF
p
iψp;
(2.22)
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hold with respect to the second kind of covariant derivatives, where ψi 6= 0 and the tensors gij and
F
h
i satisfy the following conditions:
det(gij) 6= 0, F
α
i gαj + F
α
j gαi = 0, F
h
αF
α
i = −δ
h
i . (2.23)
Theorem 2.9 The generalized Riemannian space GRN admits a nontrivial equitorsion geodesic
mapping onto the generalized Ka¨hlerian space GK
1
N if and only if, in the common coordinate system
x with respect to the mapping, the conditions
a) gij |
3
k = 2ψkgij + ψigjk + ψjgik;
b) F
h
i|
3
k = F
h
i|
3
k − ψpδ
h
kF
p
i + ψiF
h
k ,
(2.24)
hold with respect to the third kind of covariant derivatives, where ψi 6= 0 and the tensors gij and F
h
i
satisfy the following conditions:
det(gij) 6= 0, F
α
i gαj + F
α
j gαi = 0, F
h
αF
α
i = −δ
h
i . (2.25)
Theorem 2.10 The generalized Riemannian space GRN admits a nontrivial equitorsion geodesic
mapping onto the generalized Ka¨hlerian space GK
1
N if and only if, in the common coordinate system
x with respect to the mapping, the conditions
a) gij |
4
k = 2ψkgij + ψigjk + ψjgik;
b) F
h
i|
4
k = F
h
i|
4
k − ψpδ
h
kF
p
i + ψiF
h
k ,
(2.26)
hold with respect to the fourth kind of covariant derivatives, where ψi 6= 0 and the tensors gij and F
h
i
satisfy the following conditions:
det(gij) 6= 0, F
α
i gαj + F
α
j gαi = 0, F
h
αF
α
i = −δ
h
i . (2.27)
3 Conclusion
We continued the general idea by introducing the notion of generalized Ka¨hlerian spaces of the first
kind GK
1
N .
The main results of the paper:
1. New explicit formulas of geodesic mappings onto GK
1
N are given in Section 2.
2. New explicit formulas of equitorsion geodesic mappings onto GK
1
N are given in Section 2.1.
In a similar way we can consider generalized Ka¨hlerian spaces of the second, the third and the
fourth kind.
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